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Abstract

In many real-time audio applications, convolution
and correlation operations are performed in fre-
quency domain for efficiency reasons. The FFT al-
gorithm is used to transform the time signals back
and forth to frequency domain. The FFT decom-
poses a short-time signal into equally spaced fre-
quency components. For audio signals, this tends to
give too little spectral resolution at low frequencies,
and too much spectral resolution at high frequencies;
therefore a multi-resolution transform is preferred.
This paper introduces a new non-uniform transfor-
mation method, that is based on the non-uniform
sampling theorem and the scaling property of the
Fourier transform. The speed of the new method is
comparable to that of the FFT and in some cases
is even better. The modification of the overlap-save
method to accommodate the non-uniform decompo-
sition is also shown.

1 INTRODUCTION

The human auditory system performs a non-uniform
spectral analysis on sound waves collected by the
pinnae. Constant-bandwidth analysis is used for fre-
quencies below about 1kHz, while constant-Q (per-
centage bandwidth) analysis for frequencies above.
Therefore, a non-uniform spectral resolution resem-
bling that of the cochlea is preferred in audio applica-
tions. Excessive high-frequency resolution, resulting
from using constant bandwidth analysis methods like
the FFT, has several undesired effects. It can reveal
spectral fine structure that is undetectable by the
human ear, and it reduces system robustness to spa-
tial variations in some applications such as phantom
sound sources and room equalization. In this pa-
per, we introduce a new method to perform such a
non-uniform analysis which is suitable for real-time
filtering and correlation applications.
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2 NONUNIFORM SPECTRAL ANALYSIS
AND SYNTHESIS

Recognising the importance of using nonuniform
spectral analysis in audio applications, researchers
began in the early seventies to look for a reliable
method to perform such analysis. In subsection
2.1, we clearly define the requirements for a multi-
resolution transform to be suitable for real-time con-
volution. A brief summary of the published work in
this field is given in subsection 2.2. This shows that
there is no known method that meets the specifica-
tions and our new method is introduced in subsection
2.3.

2.1 Specifications

To be of any use in real-time applications, the non-
uniform transform has to satisfy the following re-
quirements:

e As a general requirement, the transform should
be a linear, unitary and invertible (nonsingular).

e It should perform multi-resolution analysis.
e It should support the convolution property.

e The discovery of the FFT algorithm made it
possible to perform the convolution operation
faster in frequency domain. The non-uniform
transform has to maintain this speed advantage.

2.2 Existing Techniques

In 1971 Oppenheim et al. [1] introduced the digital
frequency warping method. They showed that tak-
ing the DFT of a predistorted time sequence gives
samples of the spectrum on a non-linear frequency
scale. Although this method uses the speed of the
FFT to transform the distorted sequence to the fre-
quency domain, it requires N(3M — 1) real opera-
tions to calculate M distorted samples from NV input
time samples. This is proportional to N2 for M = N
which makes it less attractive for real-time applica-
tions.



Several authors have published methods to perform
non-uniform spectral analysis using block process-
ing algorithms. Harris [2] processed the FFT output
with spectral windows of constant time duration but
adjustable bandwidths centered at the nearest FF'T
bin to the required analysis frequency. This method
does not alter the time resolution of the signal and
therefore information destructive and has no inverse
transformation.

Another group of authors concentrated on calculat-
ing a constant-Q (proportional bandwidth) spectral
analysis and synthesis. Youngberg and Boll [3] gave
a constant-Q integral transform, which is a general-
ization of the Short Time Fourier Transform (STFT),
by letting the analysis window be a variable in the
product of time and frequency. Gambardella [4]
showed that if a signal undergoes a short time spec-
tral analysis via a continuous set of constant-Q band-
pass filters, this process can be mathematically rep-
resented through an integral transform that can be
inverted by means of the Mellin transform. Kates [5]
used an exponentially decaying window whose argu-
ment is a constant times the product of time and
frequency to calculate the constant-Q integral. For
this specific window, the integral can be evaluated
using the chirp z-transform. And finally, Brown [6]
has developed a discrete version of the constant-Q in-
tegral transform but, unfortunately, this method has
no inverse. Thus, all these methods can be viewed
as a constant-Q filter bank and involve a high de-
gree of complexity to be used in real-time filtering
applications.

Mitra et al. [8] have recently introduced the Nonuni-
form Discrete Fourier Transform (NDFT). The
NDFT evaluates the z-transform at arbitrary located
distinct points in the complex z-plane. They showed
that the NDFT is invertible and can be used in fil-
tering operations. But since the NDFT lacks the
symmetry of the Fourier transform, it can not be cal-
culated by a fast method like the FFT and therefore
requires an order of N2 complex operations.

2.3 Time/Frequency Scaling (TFS)

In this subsection we introduce a new non-uniform
spectral analysis and synthesis method that requires
only an FFT and a resampler. The resampling (or
interpolation) operation can be performed by hard-
ware A/D and D/A converters, reducing the com-
plexity to that of an FFT, which makes it very at-
tractive for real-time applications. In cases where all
signal processing is performed on blocks of data, the
resampler is not needed and the complexity can be
less than that of the FFT.

2.8.1 TFS Formulation

The new method, which we refer to as
Time/Frequency Scaling (TFS), is based on Clark’s

one-dimensional non-uniform sampling theorem [7]
and the scaling property of the Fourier transform.
The non-uniform sampling theorem states that a
band limited function f(t) of one variable sampled
at sampling moments ¢, that are not necessarily
equally spaced (fig. 1(a)) can be completely recon-
structed from its samples provided that there exists
a one-to-one continuous stretching/compressing
transformation 7 = 7(¢) that maps f(¢) to g(7) (fig.
1(b)) with sampling moments nT = ~(t,). The
signal g(7) is uniformly sampled on the time axis
7 and Shannon sampling theorem holds. Therefore
f(t) can be reconstructed from its non-uniform
samples f(t,) using the following formula
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Figure 1: A function f(¢) sampled at sampling mo-
ments ¢, not equally spaced can be transformed to a
uniformly sampled function g(7) by applying a compres-
sion/expansion mapping.

The relation between the spectra of f(t) and g(7) is
given by the scaling property of the Fourier trans-
form which is, for a constant scaler «, is given by
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It states that if the time axis is stretched (com-
pressed) by a factor «, the frequency axis is com-
pressed (stretched) by the same factor so that the
product of time and frequency is always constant.
Applying the scaling property to the non-uniform
sampling case shows that the scaling factor v is a
function of time and thus, the frequency axis will be
stretched/compressed nonlinearly. To see that this
is true, let the frequency variable corresponding to ¢
be w and that corresponding to 7 be €. Then g(7)
is given by
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noting that g(7) = g(v(t)) = f(t), (3) can be written
as
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substituting w = (4) can be written in the form
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which clearly shows that the analysis frequencies of
the non-uniformly sampled signal is scaled by a fac-
tor that is dependent on the ratio between the new
and old time scales. Therefore, if this ratio is a non-
linear function, as it would normally be the case, the
frequency axis will be warped non-linearly.
From the time/frequency symmetry of the Fourier
transform, it can be shown that the above theorem
also holds for sampling spectra. This suggests that a
uniformly sampled spectrum of a time limited func-
tion (the output of an FFT say) can be mapped to
a non-uniformly sampled one by simply taking the
Fourier transform of a non-uniformly sampled ver-
sion of the time function. If the original spectrum
is sampled at frequencies Q = % = kA, where N
is the length of the corresponding uniformly sampled
time sequence of sampling period 7', and the required
sampling frequencies are w; = B~1(kA), then the
new sampling moments are t, = nT%. The non-
uniform sampling theorem ensures that no aliasing
occurs, and the original signal can be recovered by
first taking the inverse FFT, and then resampling
from the non-uniform to the uniform domain.

2.3.2  Ezample

To demonstrate the non-uniform properties of the
TFS method, consider the logarithmic mapping func-
tion y(-) = logs(-) where b is any suitable base. The
non-uniform sampling moments are t, =y~ (nT) =
b"T and the corresponding uniform moments 7, =
logy(t,) = nT. Taking the Discrete Fourier Trans-
form (DFT) of the non-uniformly sampled signal is
then equivalent to evaluating the DFT at analysis
frequencies wy = Q%L This mapping function is
applied to a time signal composed of four sine waves
as shown in fig. 2 with b = e and frequency com-
ponents 400, 600, 18000 and 18200 Hz. The time
signal is first sampled exponentially at sampling mo-
ments t, = "7 with T = 1/44100. The FFT of
1024 samples is shown in fig. 2(b). The time signal
is then resampled uniformly in the same time period
as in the exponential case (thus obtaining more sam-
ples). The FFT of this linearly sampled time signal
is shown in fig. 2(c). Comparing the spectra in fig.

2 (b) and (c) shows that the resolution in case (b)
decreases as the frequency increases while the reso-
lution is constant in case (c).
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Figure 2: Spectra of a time signal sampled exponen-
tially (b) and uniformly (c).

2.3.8 Hardware Resampler

The resampling operation can be performed using
any of the well known interpolation algorithms. In
this case, the transform complexity depends on the
complexity of the interpolation algorithm in use;
which ranges from O(N) for cubic interpolation
to O(N?) for spline algorithms. Simulations have
shown that good results can be obtained using cu-
bic interpolation when the signal is oversampled by
a factor four. A more attractive solution is using a
hardware resampler consisting of an A/D converter
connected back to back with an D/A converter. To
transform a signal from a uniform sampling domain
to a non-uniform one an D/A converter clocked at
the uniform sampling moments is first used to trans-
form the signal to the continuous domain which is
then resampled by an A/D converter clocked at the
non-uniform sampling moments. Similarly, to trans-
form a signal from the non-uniform sampling do-
main to the uniform domain, the D/A is clocked at
the non-uniform sampling moments while the A/D
is clocked at the uniform sampling moments as given
by (1).

In cases where all processing is performed on blocks
of data, and it is required to perform non-uniform
spectral analysis in the whole system, it is wiser to
sample the signals from the continuous time domain
directly to the non-uniform domain. This has to be
performed such that the non-uniform sampling pat-
tern is repeated every block. In this case the resam-
pling operation is not required and the system com-
plexity can be less than that of a uniform sampled
system since less number of samples are needed each
block when the mapping function 7 is a time com-
pressing function such as that in subsection 2.3.2.



3 FAST CONVOLUTION AND COR-
RELATION USING THE TFS NON-
UNIFORM SPECTRAL ANALYSIS

Convolution and correlation of long sequences are
best performed in frequency domain; where they map
to element-wise multiplications. When one or both
signals to be convolved or correlated is infinitely long,
as in the case of real-time (adaptive) filtering, an
overlap method, such as overlap-add or overlap-save
[9] has to be used. In this section the modifications
to accommodate the TFS non-uniform spectral anal-
ysis in the overlap-save method are presented. Sim-
ilar modifications can be applied to the overlap-add
procedure. Fig. 3 shows the block diagram of the

Figure 3: Block diagram of the overlap save method
employing the TFS non-uniform spectral analysis.

overlap-save employing the TFS for an infinitely long
input signal z[k] and a finite length filter coeflicients
w. In this figure, M is the filter length, L is the num-
ber of new input samples per block and B=M+L-1
is the block length in the uniform sampling domain.
M, L and B = M + L — 1 are the corresponding
variables in the non-uniform sampling domain. The
uniformly sampled signal z[k] is stored in an input
buffer of lengt}l\é from which L samples are new
and the rest (M — 1) samples are taken from the
previous block. Every L samples, the input buffer
is resampled (block y~1) producing a non-uniformly
sampled sequence of length B. This length B vector
is transformed to frequency domain using an FFT
algorithm (block Fp). The M filter coefficients are
also resampled, padded with zeros and transformed
to frequency domain as shown by the left part of
fig. 3. The convolution operation is then performed
by element-wise multiplication of the two frequency
vectors. In case of correlation, the complex conju-

gate of one of these vectors is taken before multi-
plication. The product is transformed back to time
domain, and the first M — 1 samples are discarded
since they represent cyclic convolution result. The
last L samples are resampled back to the uniform
sampling domain giving L samples (block ~). This
vector is finally unbuffered (block P/S) and sent out
one sample every sampling period giving the linear
convolution (correlation) result y[k].

4 CONCLUSIONS

The Time/Frequency Scaling method (TFS) for per-
forming non-uniform spectral analysis and synthe-
sis proved to be effective, fast and simple. TFS is
based on the non-uniform sampling theorem and the
scaling property of the Fourier transform. It only
requires an FFT and a resampler. The resampler
can be implemented in hardware, thus reducing the
complexity to that of the FFT. It is also shown to be
readily incorporated in real-time frequency domain
filters.
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